ABSTRACT: An improved creep law for concrete at constant temperature and water content is proposed. It gives the creep rate as a product of power functions of the load duration, the age at loading and the current age of concrete. This law exhibits a gradual smooth transition from the double power law for very short load durations to the logarithmic law for very long load durations. The higher the age at loading, the longer the load duration at the transition. Determination of creep compliance requires evaluation of a binomial integral, which can be carried out either with the help of a truncated power series or by replacement of certain integrals with sums. A table of values from which interpolation is possible is also given. Extensive fitting of creep data from the literature reveals only a modest improvement in the overall coefficient of variation of the deviations from test data; however, the terminal slopes of creep curves are significantly improved, which is especially important for extrapolation of creep measurements. Compared to the previous double power-logarithmic law, the present formulation has an advantage of continuity in curvature, and compared to the log-double power law, the present formulation has a greater range of applicability involving also very short creep durations, including the dynamic range. The new formulation also significantly limits the occurrence of divergence of creep curves, and permits even a complete suppression of this property, although at the cost of a distinct impairment in data fits.
INTRODUCTION
The compliance function for concrete creep may be relatively well-expressed as a power function of the load duration times another power function of the age at loading. Extensive statistical studies of the bulk of the test data that exist in the literature have revealed a much better agreement than that attainable with other creep formulas previously proposed. However, as has been pointed out recently (9, 10) , comparisons with test data reveal certain deviations which appear to be systematic rather than random. The slope of the creep curves at constant age at loading, plotted in log-time scale, appears to be too high in comparison with observations when the load duration is long. This paper shows that this deficiency can be remedied by a particular form of the triple power law recently proposed on the basis of a micromechanics investigation (2) . The present formulation also has certain advantages over two previous attempts to eliminate the same shortcoming (3, 4) .
REVIEW OF SOME PREVIOUS CREEP LAws
For most situations within the service stress range of structures, concrete creep at constant temperature and water content can be assumed lProf. of Civ. Engrg. and Dir., Center for Concrete and Geomaterials, The Technological Inst., Northwestern Univ., Evanston, lll. 60201.
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Note.-Discussion open until June 1, 1985 . To extend the closing date one month, a written request must be rued with the ASCE Manager of Journals. The manuscript for this paper was submitted for review and possible publication on February 22, 1984 . This paper is part of the Journal of Engineering Mechanics, Vol tions. From measurements it appears that the slope of the creep curves plotted in the scale of log (t -t') appears to reach a certain constant asymptotic value for sufficiently long load durations (Fig. 1) . The slope appears to be the same for all ages at loading. This behavior was described in a previous study by a two-part formula that exhibits a transition to a straight line in the logarithmic scale of load duration (4) . In that study, this transition was assumed to occur suddenly at a certain transition time which increases with the age at loading. In a subsequent study (3), a single formula for which the transition from the power function to the logarithmic function is gradual, without a discontinuous jump in curvature, was proposed. This formula is, however, more complicated, and is not applicable to very short load durations, unlike the double power law. This paper shows that, if one accepts as the basis of modeling the creep rate rather than the total strain values, one can attain all the objectives of the previous studies with a simpler and more general formula.
Aside from simplicity, modeling of creep on the basis of the creep rate rather than the total strain has advantages from the viewpoint of physical interpretation and micromechanics arguments. Expressions for the 64 creep rate can be deduced from the activation energy theory (rate-process theory) (26, 27) , and also arise from stochastic process modeling of creep (15) , as well as from certain composite material models for concrete (2).
TRIPLE POWER LAW FOR CREEP RATE
It will be shown that a smooth transition between the double power law for short load durations and a logarithmic law for long load durations may be achieved by the following formula for the unit creep rate: . This may be recognized as the derivative of the logarithmic law. Indeed, integration of Eq. 4 at constant t' yields the expression
in which function fa (t') is an integration constant. So we see that the triple power law (Eq. 2) does have the desired asymptotic behavior for very short and very long load durations. Integrating Eq. 2, we obtain the integrated form of the triple power law. It may be written in the form
Eo Eo in which IlEa is an integration constant that represents the asymptotic instantaneous deformation, and
The last integral is a binomial integral, which can be evaluated in terms of elementary functions only for certain values of n; however, none of 68 these values is realistic for concrete. Nevertheless, it is possible to approximate this integral very accurately either by a truncated infinite series or by replacement of the integral with certain sums. This is described in Appendix I. Table 1 lists the values of this integral, from which interpolation is possible. Graphical plots of this integral are given in Fig. 
2(a) and (b).

VERIFICATION BY TEST DATA FROM LITERATURE
The triple power law is intended to model only the basic creep, i.e., creep at constant water content and temperature. Extensive comparisons have been made with the main test data available in the literature (12, 13, (16) (17) (18) 20, 22, 24, 25) . Fig. 3 shows as the solid lines the optimum fits of these data achieved with the triple power law (Eq. 6). The material parameter values are listed in the figures. The values indicated for the data of L'Hermite et al. are perhaps most typical for structural concretes.
The fits in Fig. 3 have been obtained by a nonlinear optimization procedure using Marquardt-Levenberg algorithm (11, 21) . This algorithm was used to minimize the sum of squared deviations of the formula from the test data. The sampling points were placed at regular intervals on the ;;;-- 
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FIG. 3.-Fits of Creep Tests
measured creep curves in the logarithmic scale of load duration, and hand-smoothing of the measured data was used to partly suppress the measurement error. For more detail of the fitting procedure, see Ref. 10 .
In the case of short-term creep data [e.g., Gamble and Thomass (16)], the optimum fits by the triple power law and the double power law are undistinguishable (see Table 2 ); however, for long-term data, the difference is significant. The pattern of gradual transition to straight lines in the logarithmic time scale is clearly apparent in the figures. The slopes of these straight lines are approximately the same as those obtained previously with the log-double power law (3) . In that study it was found that the straight lines in the logarithmic time scale reduce the coefficient of variation of the deviations of the. terminal slopes of the formula from the terminal slopes of test data (for all data sets combined) from the Compared to the previous log-double power law (3), the present formulation has the advantage that, in addition to the long-term response, the short-time creep for load durations below 0.1 day and down to the dynamic range (duration 0.001 s) is also represented well. This is apparent from the curves in Fig. 3 , and is made possible by the fact that the triple power law asymptotically approaches the double power law with about the same parameter values as those found in the original data analysis (6, 10) . Close fits of both the short-and long-time creep were also obtained with the previous formulation (3) in which the transition from the double power law to the logarithmic law was sudden, with a jump in curvature. Compared to that formulation, the present one has the advantage of smoothness, Le., continuous curvature. The method of calculation of the aforementioned coefficients of variation was the same as that described in detail in the previous work (4,10).
DIVERGENCE OF CREEP CURVES
When creep recovery curves are calculated from the double power law by means of the principle of superposition, they may be sometimes obtained as non-monotonic. In the case of aging materials, such a behavior does not violate any fundamental law of thermodynamics (5). However, it is unclear whether non-monotonic recovery curves are indeed a true property of the material (they have sometimes been observed in experiments, but mostly unobserved), or whether they are caused merely by an error in the creep formula, or some neglected nonlinear effects, such as microcracking or viscoplastic flow. Therefore, until better experimental data becomes available, it seems preferable to avoid, if possible, creep formulas that yield non-monotonic recovery curves. Even if one objects to these arguments on the basis of inapplicability of the principle of superposition to creep recovery, creep formulas that admit non-monotonic recovery appear to have certain other disadvantages; e.g., they yield negative values of stress at the end of long-time relaxation curves calculated from the principle of superposition.
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Non-monotonic recovery is .obtained if the slope of the creep curve decreases with the age at loading, t I, at fixed current age t. In other words, the creep curves should not diverge (5), Le. The double power law has been found to violate this nondivergence condition when t -t ' is long and t ' is short (5,10) . Precisely, the nondivergence condition for the double power law is I-n t -t ' :::;--t ' ( 1 + at,m) .................................. ..... (9) m Differentiating Eq. 2 with respect to t I, we obtain the nondivergence condition for the triple power law: (10) of which Eq. 9 is a special case. The right-hand side of Eq. 10 is always positive. The bracketed expression on the left-hand side can be either positive or nonpositive. If it is nonpositive, Eq. 10 is always satisfied, which happens for some computations of the material parameter values from test data. If this bracketed expression is positive, divergence is avoided only for load durations satisfying the inequality It so happens that optimum data fits are often obtained for material parameter values for which the divergence time given by Eq. 11 is finite. Comparisons of the divergence times for the double power law and for the present triple power law are given in Table 4 for the optimum fits of various test data from the literature. Note that the time at the start of divergence is generally much longer for the triple power law, which represents an improvement. Also note that, for most test data, the optimum fits attainable under the condition of no divergence, Le., the condition of nonpositiveness of the bracketed term on the left-hand side of Eq. 10, are often much worse than the optimum fits obtained without any restriction on the material parameter values.
Keeping the time at which divergence begins as long as possible is not the only desirable aspect of a creep formula. It is also desirable to minimize the distance by which the creep curves diverge apart after the start of divergence (this minimizes, in creep recovery predictions, the amount of reverse recovery). To quantify this property, we divide the scale of log t into equal time intervals, with 6 intervals/decade. We define as l1ij the excess of the vertical distance of two adjacent creep curves over the minimum distance between these two curves, occurring at the time at which the divergence begins. Subscript j = 1, 2, 3, .... N refers to the points at which the vertical distances are taken, and subscripts i = 1, 2, . .. refer to various combinations of times t I for the various pairs of creep curves [see Fig. 4(a) and 4(b) ]. The values of t ' were considered Table 3 for the list of Double Power Law parameters.
equally spaced in the log t I scale, and all possible pairs of creep curves were considered in the calculation. Six values of t I were considered per decade in log t I. The values of t I ranged from one day to seven yr, and the values of t ranged from one second to many decades. With the foregoing definitions, the average distance by which the creep curves diverge may be characterized by one of the following two coefficients: J is the mean of all data points uniformly spaced in log (t -t ') and log 74 ( a ) Fig. 4(c) ]. The symbol of pointed brackets is defined by
The values of these coefficients for the optimum fits of individual test data from the literature by the triple power law have been combined into overall coefficients defined as 1
(
in which subscript m = 1, 2, '" M refers to the individual data sets. The values of these coefficients are listed in Table 2 , for both the triple power
Ross Dam 1953 Dam ,1958 For the purpose of optimization of data fits, it is of interest to introduce an algebraic expression that automatically satisfies Eq. 14:
The second term in these expressions corresponds to what is known in optimization as the penalty term, in which q is any real number, and s or 5' is a suitably chosen coefficient based on fitting experience. The fact that the penalty term can never be negative ensures fulfillment of Eq. 14. This enables optimization of data fits without any inequality restriction, provided that the material parameters are considered as Eo, <1>1, m, a and q, instead of Eo, <1>1' m, a and n. Tables 1 and 2 .
PRACTICAL PREDICTION MODEL
The capability of the creep formula to fit the test data confirms the correctness of the form of the formula, but does not mean that one can better predict creep in absence of any measurements, i.e., on the basis of design strength and composition. The prediction problem, typical in design practice, involves far greater uncertainty (7) (8) (9) (10) . It appears that the error in predicting material parameters is vastly greater than the error in the form of the creep formulas. Thus, for the prediction problem, no significant improvement can be expected from the present formulation, and none is achieved, as far as the overall coefficient of variation of deviations from measured data is concerned. Nevertheless, the more correct shape of the creep curves is an advantage even for predicted creep curves, since it achieves more realistic mutual relations of various creep values.
Extensive analysis of basic creep data (12, 13, (16) (17) (18) 20, 22, 24, 25) indicated that the same values of material parameters as for the double power law (7-10) can be used for the present formulation. This means, e.g., that the present formulation yields reasonable values also for the shorttime deformations, including the dynamic range. The ends of the creep curves are generally lower than for the double power law, which im-77 Setting to = t', and supposing that the interval (0, ~I) is sufficiently small, we can rewrite Eq. 19 as This approximation is very accurate if n is small and ~I < < t'.
B(t, t')
Use of Dirichlet Series.-Integration is also possible by approximating the power functions in Eq. 7 by sums of exponentials, called Dirichlet series (2, 19) . Within the interval (2) in which r = exponent of the approximated power function = n or n -1 or -n for Eqs. 23 or 24, TM+I = 10 6 TM; and a(n) and ~(n) are coefficients that have been determined by least-square fitting and are found in in which f(t', n) is a function tabulated in Table 5. This table has The radius of this series (Le., ai+da;) must be less than unity as i ap-proaches infinity, if the series should converge. However, here the ratio of two subsequent terms of the series is found to have the limit (for i ~ 00) of 1, and, therefore, the series in Eq. 33 is divergent.
dB(t,t';n) [(t,)n t' (t,)n+l] dt
= 1 + t -
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